We revisit the problem of extension of a Killing vector field in a spacetime which is solution to the Einstein equation with electromagnetic stress/energy tensor. This extension has been proven to be unique in the case of a Killing vector field which is normal to a bifurcate horizon in [8] . Here we generalize the extension of the vector field to a strong null convex domain in an electrovacuum spacetime, inspired by the same technique used in [4] in the setting of Ricci flat manifolds. We also prove a result concerning non-extendibility: we show that one can find local, stationary electrovacuum extension of a Kerr-Newman solution in a full neighborhood of a point of the horizon, that is not on the bifurcation sphere, which admits no extension of the Hawking vector field. This generalizes the construction in [4] to the electrovacuum case.
Introduction
Suppose (M, g) is a pseudo-Riemannian manifold, and let Z be a Killing vector field defined on an open subset O ⊂ M. We are interested in the problem of identifying the necessary conditions on the manifold and on the subset O for which Z can be uniquely extended to be a Killing vector field in (M, g). The problem has been solved in many cases:
• If (M, g) is an analytic and simply connected manifold, a result of Nomizu (see [6] ) assures the uniqueness of the extension of a Killing field defined on a connect open domain O. In this case, the analiticity condition is an hypothesis strong enough to prove the desired extension, without the requirement of an additional equation for the metric g or a condition on the domain O.
• If (M, g) is a smooth Ricci flat metric and O ⊂ M is bounded by a regular, bifurcate, non expanding horizon, then the local extension of a Killing vector field normal to the horizon is unique in a full neighborhood of the horizon, as proved by Alexakis, Ionescu and Klainerman in [1] . In this theorem, the strong structure of the boundary, which is a bifurcate horizon, implies by itself the existence of a Killing vector field along the generators of the horizon. Such Killing vector field is then proven to be extendible as a Killing field in a full neighborhood of the horizon. The result is proven by extending the Killing vector field along a geodesic, which is transversal to the horizon, generated by a vector field L using the commutator relation [Z, L] = L, and then using Carleman estimates to prove unique continuation.
• If (M, g) is a smooth Ricci flat metric and O ⊂ M is a strongly null convex domain (as defined below) at a point p ∈ ∂O, then the local extension is unique in a neighborhood of the point p in M, as proved by Ionescu and Klainerman in [4] . In this case, the domain O doesn't have a particular structure that implies by itself the existence of a Killing vector field along its boundary. Therefore the authors have to assume the existence of a Killing vector field up to the boundary of O as well as a convexity condition (which was instead implied in the previous case treated in [1] by the structure of the bifurcate horizon), and then show that the extension is unique. The proof in this case relies on the hypothesis of Ricci flatness to derive a system of transport and wave equations to which Carleman estimates are applied to prove a unique continuation result. In [4] , the vector field is extended in a more general way with respect to the one used in [1] , i.e. through the Jacobi equation. This allows the authors to find a closed system of transport equations and covariant wave equations in the case of an open domain O which is not necessarily bounded by a bifurcate horizon.
• If (M, g) is an electrovacuum spacetime 1 and O ⊂ M is bounded by a regular, bifurcate, non expanding horizon, then the local extension of a Killing vector field normal to the horizon is unique in a full neighborhood of the horizon, as proved by Yu in [8] . In this theorem, similarly to [1] , the strong structure of the boundary implies the existence of a Killing vector field along the generators of the horizon. Such Killing vector field is then proven to be extendible as a Killing field in a full neighborhood of the horizon, using the commutator relation [Z, L] = L as in [1] , and then using Carleman estimates to prove unique continuation.
The aim of this paper is to prove the extension of the Killing vector field in an 1 As defined below in Equation (1) .
electrovacuum spacetime defined in a open domain which is strongly null-convex, and it will make use of the more general extension given by the Jacobi equation, as inspired by the proof in [4] . We state the extension theorem: Theorem 1.1. Assume that (M, g) is a smooth electrovacuum spacetime, and let O ⊂ M be a strongly null convex domain 2 at a point p ∈ ∂O. Suppose that the metric g admits a smooth Killing vector field Z in O that preserves
Then Z extends to a Killing vector field for g to a neighborhood of the point p in M.
Moreover, this extension preserves the electromagnetic tensor F .
Our second theorem provides a counterexample to extendibility, in the setting of the charged black hole rigidity problem. In [4] , the authors provided a counterexample in Kerr spacetime to the extension of the axially symmetric Killing vector field from a point that is not on the bifurcation sphere (see Theorem 1.3. in [4] ). Here we generalize the counterexample to the Kerr-Newman spacetime K(m, a, Q). We show that one can modify the Kerr-Newman spacetime smoothly, on one side of the event horizon of the black hole, in such a way that the resulting metric is still an electrovacuum spacetime, has a stationary Killing field T = ∂ t , but does not admit an extension of the axially symmetric Killing vector field. This result is related to the rigidity problem of a charged black hole, since it illustrates the difficulties in constructing additional symmetries in a smooth spacetime (without the assumption of analyticity). We state the theorem containing the counterexample: • (U,g) is an electrovacuum spacetime, i.e. Ric(g) = T (F ) in U, whereF is an electromagnetic tensor that verifies the Maxwell equations (2) and (3),
• g =g and F =F in U ∖ E,
• the vector field Z does not extend to a Killing vector field forg in U, commuting with T .
The paper is organized as follows: in section 2 we define electrovacuum spacetimes and present some of their properties, in section 3 we prove the unique extension result and in section 4 we present the counterexample to the extendibility. In the Appendix we derive the reduced equations on the orthogonal hypersurface to a Killing vector field for the Ernst and the electromagnetic potential that are needed in the construction of the counterexample.
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Electrovacuum spacetimes
We define electrovacuum spacetimes 3 , to be any pseudo-Riemannian n-manifolds (M, g) which satisfy the Einstein equation
where Ric is the Ricci tensor of (M, g), R its scalar curvature and T (F ) the stressenergy tensor associated to an electromagnetic tensor F , given in coordinates by
where F 2 = g ij g kl F ik F jl . The electromagnetic tensor F is a 2-form that satisfies the Maxwell equations, i.e.
where D denotes the Levi-Civita connection of (M, g).
Remark. By construction, the stress-energy tensor is trace free, i.e. g ij T (F ) ij = 0. By taking the trace with respect to g of (1) we see that the scalar curvature tensor of an electrovacuum spacetime vanishes, R = 0, therefore the Einstein equation is reduced to R ij = T (F ) ij .
We summarize in the following proposition some properties of the Ricci tensor and the electromagnetic tensor of an electrovacuum spacetime. 4 Proposition 2.1. In an electrovacuum spacetime, the following relations hold true:
where
Remark. Note that equations (4) and (6) are true for any metric, not for electrovacuum spacetimes only. In the case of Ricci flat manifolds as in [4] , the two equations simplifies to Div(Riem) = 0 and ◻ Riem is a smooth multiple of Riem only, and doesn't depend on the covariant derivative of the Ricci tensor.
Proof. The divergence equation for the Riemann tensor is a conseguence of the second Bianchi identity,
In fact, contracting with g ml we have
which is the desired expression. The wave equation for F is a consequence of equation (3) . In fact, applying D i to the equation and commuting covariant derivatives,
and using equation (2) to eliminate the divergence of F , we get the desired expression. The wave equation for Ric is a consequence of the Einstein equation and equation (7) . In fact,
,
that combined with the previous one gives the desired expression. The wave equation for Riem is a conseguence of the second Bianchi identity and of equation (4) . In fact, differentiating and contracting the second Bianchi identity we get
and commuting the derivatives in the second and third term and substituting the divergence with equation (4), we obtain
which is the expression we wanted. The wave equation for DF is a consequence of equation (3) and equation (2) . In fact, applying D m to the equation (3) and commuting derivatives,
and contracting with D i and commuting covariant derivatives,
The last two terms can be reduced to
and commuting again derivatives in the first term,
and since the divergence term cancels out, we are left with only F and DF terms. More precisely, putting them together we have
We will use the notation M(B 1 , . . . , B k ) to denote any smooth multiple of tensors B 1 , . . . , B k , i.e. any tensor of the form
for some tensors C 1 , . . . , C k . Remark. In the following, we will use the notation M(B 1 , . . . , B k ) to denote any smooth multiple of tensors B 1 , . . . , B k with coefficients C 1 , . . . , C k depending on Riem, Ric and F and their covariant derivatives. Using this notation and combining together the equations above, the previous proposition can be summarized as
From the expression for the stress-energy tensor T (F ) and the Einstein equation, it is clear that the Ricci tensor is a quadratic expression of the electromagnetic tensor, i.e. in the above notation
thus in the following we will be able to translate the dependence on Ric, DRic, DDRic into a dependence on F, DF, DDF . In particular we will use later that
3 Unique continuation of the Killing vector field
We assume that a Killing vector field Z is defined on O ⊂ M, such that it preserves the tensor F as well as the metric in the open domain O, i.e.
and
We observe that this definition does not depend on the defining function h, and it is automatically satisfied if the metric g is Riemannian. It is satisfied also when the metric is Lorentzian and ∂O is spacelike. On the contrary it is never satisfied if ∂O is null. This condition imposes interesting restrictions only when the hypersurface is timelike.
As already pointed out in the Introduction, under more restrictive assumptions a similar result to Theorem 1.1 was proven in [8] . In this paper we present a more geometric proof that generalizes the one in [8] , exactly as the proof in [4] extends the one in [1] in the case of Ricci flatness. In particular, this proof is valid for all pseudo-Riemannian manifolds, of all dimensions, which verify the Einstein equation (1), and the vector field Z is not required to be tangent to ∂O in a neighborhood of p. This paper presents the same procedure of [4] , generalizing it to the electrovacuum spacetimes.
We will now overview the proof of Theorem 1.1. The proof consists in extending the vectorfield along a geodesic, generated by a vector field denoted by L, using the Jacobi equation, and then proving that the extended vectorfield is indeed a Killing field in a full neighborhood of the point p.
To prove this, we define the deformation tensor associated to Z as π = L Z g and we want to show that this tensor vanishes identically for the new extended vector field. In order to do so, we will compute a transport equation for the tensor π along the geodesic. However, this is not enough to prove unique continuation: we need to show the simultaneous vanishing of the tensor π, of the Lie derivative of the Riemann tensor and the Lie derivative of the electromagnetic tensor. We will derive wave equations for those, coupled with a certain number of transport equations for tensors who are all supposed to vanish in the case of a Killing vector field. We will close the system of transport and wave equations and, because of the null convexity condition, we will be able to apply Carleman estimates to the system to obtain unique extension.
Recall that the restriction of a Killing field to a geodesic is a Jacobi field. Inspired by this, as in [4] , we consider a geodesic which is transversal to ∂O defined in a neighborhood U of p in M and generated by a vectorfield L. In particular, L is any smooth vector field defined in a neighborhood of p such that D L L = 0 and L(f )(p) = 0. We use the Jacobi equation 5 
and we will still call the extension Z. Therefore, after restricting the neighborhood U of p in M, we may assume that Z and L are smooth vector fields verifying
and we want to prove that the last two identities are satisfied in U too. Recall the definition of the deformation tensor π = L Z g, and that our goal is to prove that π is identically zero. Definition 3.2. Following the notations in [4] , we define the following additional tensors.
• B = 1 2 (π + ω), where ω is a 2-form to be determined later,
where Riem is the (0,4) Riemann tensor, and ⊙ is the Nomizu product of a (0, 2) tensor and a (0, 4) tensor 6 , 5 Recall that the Jacobi equation is a second order ODE, and therefore it admits a local solution. 6 The Nomizu product of a (0, 2) tensor B and a (0, 4) tensor R is defined to be the (0, 4) tensor
• E = L Z F − B ⊙ F , where ⊙ is the Nomizu product between two (0, 2) tensors 7 ,
• G = L Z DF − B ⊙ DF where ⊙ is the Nomizu product of a (0, 2) tensor and a (0, 3) tensor 8 ,
Observe that the tensors W and E are very natural to consider. In fact, in order to show that the extended vector field Z is Killing, we want to prove that π and E are identically zero. Moreover, if Z is Killing, then L Z Riem = 0, and so W is a tensor which encodes this information. The tensor P appears in the computations of the wave equations for W and E. Observe that all these tensors depend on the 2-form ω, which will be defined later, see equation (18).
Remark. Eventually, we will apply the Carleman estimates to a system of wave equations, and in order to do so we will need a dependence on only the first covariant derivative of the involved tensors. However, notice that the Riemann tensor verifies a wave equation that depends on its second covariant derivative, see equation (15). For this reason, we introduce the tensor G, which is the Lie derivative of DF . In fact, DF has the fundamental property that it verifies a wave equation depending on the first covariant derivative of F only, see equation (13). This will allow us to write a system with one equation more (the wave equation for G) but depending only on the first covariant derivative of the tensors which are involved.
As observed earlier, in the case of Ricci flat manifolds, the wave equation applied to the Riemann tensor depends on the Riemann tensor only, and not on any of its covariant derivatives. This allows the author of [4] to prove the extension of Killing field using only the wave equation for W . Now we'll derive the equations for these tensors.
Wave equations for E, G and W
We'll make use of the following, see Lemma 7.1.3 in [2]:
7 The Nomizu product of two (0, 2) tensor B and R is defined to be the (0, 2) tensor (B ⊙ R) ij = B i m R mj + B j m R im . 8 The Nomizu product of a (0, 2) tensor B and a (0, 3) tensor A is defined to be the (0, 3) tensor
Lemma 3.1. For any (0,k) tensor V and a vectorfield X, we have
with the n-th index raised up using the metric and Γ is defined to be
where π is the deformation tensor of X.
The following wave equations hold:
where from now on the notation M denotes any smooth multiple tensors with coefficients depending on Riem, Ric, F and their covariant derivatives.
Proof. For the first wave equation, we make use of Lemma 3.1 to commute derivatives,
The first term is given by
Using equation (12), we can write
The second term is
and using equation (12) again,
Putting together the two parts, we have
therefore the expression follows from the identity Γ ikm − D k B im = 1 2 P imk . For the second wave equation, we have
Using Lemma 3.1, we can commute twice the Lie derivative and the covariant derivative in the first term and get
Therefore, after using Lemma 3.1 to commute derivatives again, and the expression for ◻DF as in equation (13), we have
For the second term, similarly to wave equation for E, we have
Therefore,
therefore the expression follows again by the identity Γ ikm − D k B im = 1 2 P imk . For the third wave equation, we have
Therefore, after using Lemma 3.1 to commute derivatives again, and the expression for ◻ Riem as in equation (11), we have
At this point we can see the necessity of introducing the tensor G. In fact, using that
, and using equations (14),
and commuting the Lie and covariant derivative in the term L Z (DDF ), we get
For the term with the Nomizu product, similarly to the previous wave equations, we have
Putting together, we have
+ M(B, DB, P, DP, E, G, DG) therefore the expression follows once again by the identity
The transport equations for the tensors B,Ḃ and P are the same as in the case of Ricci flat manifolds. We summarize them in the following lemma. 
Moreover, if we define ω in M as the solution of the transport equation
The proof of the Lemma is identical to the proof of Lemma 2.6 and Lemma 2.7 in [4] . In fact, the proof in that case relies entirely on the Jacobi equation (17), and doesn't use the fact that the Ricci tensor vanishes.
System of equations and Carleman estimates
We can summarize Proposition 3. where M(B 1 , . . . , B k ) is defined as in (9), and the tensor coefficients depend on Riem and F .
Motivated by these identities, we consider solutions of systems of equations of the form
We would like to prove that a solution S 1 , . . . , S n , B 1 , . . . , B k of such a system that vanishes on one side of a suitable hypersurface has to vanish in a neighborhood of the hypersurface. Notice that the system is completely analogous to the one obtained in [4] , except that now we have more than one wave equation.
We are now ready to prove Theorem 1.1. As in [4] , we introduce a smooth system of coordinates Φ p = (x 1 , . . . , x n ) ∶ B 1 → B 1 (p), Φ p (0) = p, where B r = {x ∈ R n ∶ x < r}, r > 0, and B 1 (p) is an open neighborhood of p in M. Let ∂ 1 , . . . , ∂ n denote the induced coordinate vectorfields in B 1 (p) and let B r (p) = Φ p (B r ), r ∈ (0, 1]. For any smooth function φ ∶ B → C, where B ⊂ B 1 (p) is an open set, and j = 0, 1, . . . , we define
We assume that g ij (p) = diag(−1, . . . , −1, 1, . . . , 1).
We assume also that, for some constant A ≥ 1,
where h is the defining function of the hypersurface ∂O, as in Definition 3.1. We use the system of coordinates Φ p in the neighborhood of the point p, and evaluate all the tensor fields in the frame of coordinate vectorfields ∂ 1 , . . . , ∂ n . We will get a set of functions G i ∶ B δ 0 → C, i = 1, . . . I, for the tensors S 1 , . . . , S d , and a set of functions H j ∶ B δ 0 → C, j = 1, . . . J, for the tensors B 1 , . . . , B k , that in view of equation (20) verify
for any i = 1, . . . I, j = 1, . . . J, where M ≥ 1 is a constant. Therefore, Lemma 2.10 of [4] applies identically in this case to imply Theorem 1.1. We summarize it in the following lemma. , using two Carleman estimates: Proposition 3.3 in [3] , and Lemma A.3 in [1] . Following the same steps, Lemma 3.4 implies that all the tensors defined in Definition 3.2 for the extended vectorfield Z vanish identically. Therefore Z is indeed a Killing vectorfield which preserves the electromagnetic tensor, i.e.
in a full neighborhood of p. This completes the proof of the theorem.
Counterexample to the extendibility
Our second theorem provides a counterexample to extendibility, in the setting of the charged black hole rigidity problem. Let (K(m, a, Q), g) denote the Kerr-Newman spacetime of mass m, angular momentum ma with 0 < a < m, and charge Q. Let M (end) denote an asymptotic region E = I − (M (end) ) ∩ I + (M (end) ) the corresponding domain of outer communications, and H + = ∂(I − (M (end) ) the event horizon of the corresponding black hole. Let T = ∂ t denote the stationary Killing vector field of Kerr-Newman, and let Z = ∂ φ denotes its axially symmetric Killing vector field. The counterexample stated in Theorem 1.2 shows the necessity of the strongly null convex condition for the extension of a Killing field as in Theorem 1.1. The proof follows the same procedure of the counterexample constructed in Theorem 1.3. in [4] in the case of Kerr spacetime.
Fix a point p ∈ U 0 ∩ H + ∩ E outside the bifurcation sphere S 0 = H + ∩ H − and the axis of symmetry A = {p ∈ E ∶ Z(p) = 0}. Consider the Kerr-Newman metric g and the induced metric
where X = g(T, T ), on a hypersurface Π passing through the point p and transversal to T . Remark. The metric h is nondegenerate as long as X = g(T, T ) > 0 in Π, i.e. as long as the vector field T is spacelike. Therefore we have to perform this construction inside the ergoregion: this explains our assumption 0 < a < m. Observe that the following construction would have failed in the case of Schwarzschild (a = 0), since without the presence of the ergoregion the hypersurface Π would be spacelike to begin with. The construction of the counterexample makes use of the reduced equations in the induced metric in Π, and solves the characteristic problem for that. The Einstein electrovacuum equations together with the stationarity L T g = 0 are equivalent to the system of equations
in Π, where σ is the Ernst potential associated to T , ψ is the electromagnetic potential associated to T . Observe that the electromagnetic potential ψ uniquely determines the electromagnetic tensor F , which uniquely determines Ric ij in the first equation, so the system is actually closed. We define in the Appendix all the quantities appearing in the system and we derive the equations above.
We then modify the metric h and the functions X and Y 9 in a neighborhood of the point p in such a way that the identities (22) are still satisfied. The existence of a large family of smooth data (h,σ,φ) satisfying (22) and agreeing with the KerrNewman data in Π ∖ E follows by solving a characteristic initial value problem, using the main theorem in [7] .
Finally, we construct the spacetime metricg associated to the induced metrich asg
for T = ∂ 4 , where A is a suitable 1-form, as derived in the Appendix. By construction, this metric verifies the identities Ric 
Explicit calculations in Kerr-Newman spacetime
For completeness, we compute Ricci coefficients, curvature components and Ernst potential of the Kerr-Newman metric. The Kerr-Newman spacetime K(m, a, Q) in Boyer-Lindquist coordinates is given by
Making the change of variables
and the vectorfield T = ∂ t becomes T = ∂ u− . The metric g and the vector field T are smooth in the region
, then the components of the metric h along the surface Π are
and the Ricci curvature of the induced metric h has components and the Ernst potential is σ = 1 − 2mr − Q 2 r(r + ia cos θ) and therefore
The components of the spacetime metric g in the coordinates (θ, r, φ − , u − ) have the form
We can summarize the results in the Appendix in the case of the Kerr-Newman saying that the quantities (h, σ, ψ, A) verify the system of equations (22) together with (46).
Construction of the counterexample
We would like to construct now a family of triplets (h,σ,ψ) and 1-formsÃ, such that the equations (22) and (46) are still satisfied in a neighborhood in Π of a fixed
This is a 2-dimensional hypersurface in Π and the vector fields ∂ 1 and ∂ 3 are tangent to N 0 and we have h(∂ 3 , ∂ 3 ) = h(∂ 3 , ∂ 1 ) = 0, therefore N 0 is a null hypersurface in Π. Along N 0 we define the smooth transversal null vector field
Let P = {x ∈ N 0 ∶ φ − (x) = 0} and p = {x ∈ P ∶ θ(x) = θ 0 ∈ (0, π)}, therefore P is a smooth curve in N 0 and p ∈ P is a point. We extend the vector field L to a small neighborhood D of p in Π, by solving the geodesic equation
Then we construct the null hypersurface N 1 in D as the congruence of geodesic curves tangent to L and passing through the curve P . Let
The following proposition is a conseguence of the main theorem in [7] , about the characheristic problem for hyperbolic equations. 
where M(ψ, Dψ) denotes the dependence of Ric in terms of its electromagnetic potential. In particular,
In addition,σ
To construct the desired spacetime metricg from the reduced oneh using the formula (23), we need to extend the 1-form A. We can apply Proposition 3.4. in [4] .
The proof the proposition can be found in [4] . 
We can summarize the properties of the construction above in the following proposition. 
The Proposition follows from the construction and from Proposition 3.6. in [4] We can now complete the proof of the Theorem 1.2. After constructing the metric g as above, it remains to show that we can arrange our construction in such a way that the vector field Z cannot be extended as a Killing vector field for the modified metricg, and that preserves the electromagnetic tensorF . Using Proposition 4.3, it suffices to prove that we can arrange the construction such that the vector field ∂ 3 (the one corresponding to the axial symmetric vector field φ) cannot be extended to a vectorfield in Z ′ in D such that
in D. In fact, the procedure is the same as for the Ricci flat case. In fact, to negate the existence of an extended Killing vector field that preserves the metric and the the electromagnetic tensor, it suffices to show (as in [4] ) that there is no extension that preserves the metric or the electromagnetic tensor. As in [4] , we assume that (25) holds and show that there is a choice ofσ andψ along N 1 such that (24) is violated.
Assuming that (25) holds, we define the geodesic vector fieldL in D as in the construction above, and choose a frame e 2 =L, e 3 = Z ′ and e 1 an additional vector field in D such thath(e 1 , e 2 ) =h(e 1 , e 3 ) = 0,h(e 1 , e 1 ) = 1. We can define the Ricci coefficients and the curvature components of the metrich with respect to this frame, and the formulas are identical to corresponding quantities in [4] (equations (3.41), (3.42), (3.43) in [4] ). Indeed, we havẽ h(e 1 , e 1 ) − 1 =h(e 1 , e 2 ) =h(e 1 , e 3 ) =h(e 2 , e 2 ) =h(e 2 , e 3 )
for any i, j ∈ {1, 2, 3}. We can now obtain our desired contradiction by constructing a pair of smooth functionsX,Ỹ that determineσ along N 1 such that not all those identities can be simultaneously verified along N 1 . Notice that in this electrovacuum case, we can simply leave unchanged the electromagnetic potentialψ, because the modification ofσ will already give the desired contradiction. We fix a smooth system of coordinates y = (y 1 , y 2 , y 3 ) in a neighborhood of the point p ∈ Π such that
and L =L = ∂ y 2 along N 1 . More precisely, we fix the L as in the unperturbed KerrNewman in a neighborhood of p and define first y 2 such that y 2 vanishes on N 0 and L(y 2 ) = 1. Then we complete the coordinate system on N 0 and extend it by solving
is a smooth function equal to 1 in the unit ball and vanishing outside the ball of radius 2. As in [4] , consider functionsX,Ỹ ,ψ of the formX
for q ∈ N 1 , where p ′ is a fixed point in N 1 ∩D + sufficiently close to p, and (X, Y, ψ) are the quantities in Kerr-Newman. We show that such a choice leads to a contradiction, for ǫ sufficiently small. Let e i = K j i ∂ y i . Using the last identity in (26) and the first identity in (22) along N 1 , we derive that
along
Using the first identity in the last line in (26) and the Ricci equation in (22) similarly, together with the ansatz (27) it follows, by standard ODE theory, that
, uniformly for all p ′ ∈ N 1 sufficiently close to p and ǫ sufficiently small.
Using the Ricci identity in (22), the identities e 3 (X) = e 4 (X) = 0, and the bounds above, it follows that i,j∈{1,2,3}
Rh ij ≲ 1 along N 1 . Using the identities in the first, second and third line of (26), it follows that h 33 + ∂ y 2 (h 33 ) + ∂ y 2 (∂ y 2 (h 33 )) ≲ 1 along N 1 , uniformly for all p ′ ∈ N 1 sufficiently close to p and ǫ sufficiently small. We can now derive a contradiction by examining the second equation in (22),
Using the previous bounds, it follows that e 1 (e 1 (Ỹ )) −h 33 e 2 (e 2 (Ỹ )) ≲ 1 along N 1 , uniformly for all p ′ ∈ N 1 sufficiently close to p and ǫ sufficiently small. This cannot happen as can be seen by letting first ǫ → 0 and then p ′ → p, taking into account that
A Reduction by Killing vector fields in the electrovacuum case
We mainly follow [5] . We assume that K is a Killing vector field in an electrovacuum spacetime (M, g), i.e. D i K j + D j K i = 0. Moreover, we assume that K preserves the electromagnetic tensor, i.e. L K F = 0 11 . We want to find a closed system of equations for the metric and the electromagnetic tensor, and for the reduced equations in the hypersurface orthogonal to the Killing vector field.
We define the two form B ij = D i K j 12 and X = g(K, K). We recall that, since K is Killing, we have
In view of the first Bianchi identity for Riem, we infer that
Define the complex valued 2-form B ij = B ij + i * B ij , where * B is the Hodge dual of B, and because of (30) and (31), 11 In Section 4 the reduced equations are applied to K = T = ∂ t . 12 Notice that in the literature this 2-form constructed out of a Killing vector field is normally denoted F . Here we prefered to use a different notation to avoid confusion with the electromagnetic tensor.
Proposition A.1. The following equations hold true,
Proof. We have
We introduce the following decomposition of the tensor B, which will be useful later to decompose the electromagnetic tensor too in its contraction with the Killing vector K. Suppose we have
Then we can decompose B and B as
therefore in terms of σ,
In particular,
Since d(σ i dx i ) = 0, if M is simply connected, we infer that there exists a function σ ∶ M → C, called the Ernst potential, such that σ i = D i σ. Note also that D i g(K, K) = 2B ij K j = −Re(σ i ). Hence we can choose the potential σ such that Re(σ) = −g(K, K) = −X. Therefore, the divergence equation for σ i becomes a wave equation for σ and using (40), we have
By now, the above equations are valid in any pseudo-Riemannian manifold. Now we will make use of the fact that the manifold is an electrovacuum spacetime, therefore the Ricci tensor is given by the Einstein equation (1) . Defining the contractions 13 of the electromagnetic tensor F and its Hodge dual with the Killing vector field K,
These are the normal-normal and normal-tangential components of the Einstein electrovacuum equations. The tangential-tangential components can be deduced by the Gauss-Codazzi equation
From the Killing equation, we deduce
Thus back to the Gauss-Codazzi equation, we have
where we can write B in terms of σ using (36). Since K preserves the electromagnetic tensor, we have that K(φ) = 0, so the same computations for ◻ h σ work for ◻ h ψ. We have in particular
This equation for the electromagnetic potential completes the system of closed equations for the reduced Einstein equation in the electrovacuum case.
